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Turbulent Swirling Jet Diffusion Flames
AMNON CHERVINSKY*

Israel Institute of Technology, Haifa, Israel

The phenomenological boundary-layer equations describing the flowfield in a turbulent jet
diffusion flame with swirl are solved in the von Mises plane. The expressions found are com-
pared with experimental results for three jet flames with different degrees of swirl using semi-
empirical values of turbulent exchange coefficients in the flame. The combined theoretical
and experimental study indicates that an increase of the swirling motion in a flame leads to
an increase of the flame width and mass entrainment and to a corresponding decrease of the
flame length. These effects are associated with changes of the values of the turbulent eddy
viscosity and Prandtl number caused by varying the swirl intensity in the flame.

Nomenclature

61/2 = flame width defined in the text, Eq. (33)
c = empirical constant defined by Eq. (20)
Gx = axial flux of linear momentum
G<f> = axial flux of angular momentum
cp,i = specific heat at constant pressure of species i
Ds = distance from the burner outlet at which the flame

is stabilized
E = empirical constant defined by Eq. (31)
HI = empirical constant defined by Eq. (27)
Hz = empirical constant defined by Eq. (30)
h •= specific enthalpy
hi ° = standard heat of formation per unit mass of species

i at temperature T°
L = L/R = flame length
Lel = turbulent Lewis number
Mk = function defined by Eq. (11)
P = static pressure
Pr* = turbulent Prandtl number
q° = heat of reaction
r = radial coordinate
R = radius of burner exit
5 = G^/GX - R = degree of swirl
So* = turbulent Schmidt number
T = temperature
u = axial velocity
V = mass flow rate
v = radial velocity
w = swirl velocity
Wi = molecular weight of species i
x = axial coordinate
Yi = mass fraction of species i
ei = rate of production of species i by chemical reac-

tions
A* = dimensionless turbulent eddy viscosity
6 = dimensionless axial coordinate
p = density
<f> = ratio of initial concentration of fuel to oxidizer
^ = dimensionless stream function
I = vorticity

Subscripts
c =
CO =
e =
F
f
k

centerline values
centerline values at burner exit
value in stagnant surroundings
fuel
flame surface
index of generalized variables
pertinent to concentration
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m — maximum value
mo — maximum value at burner exit
T = pertinent to enthalpy
u = pertinent to velocity
L = flame tip value
ox = oxidizer
I = value in the oxygen free region
II = value in the fuel free region

I. Introduction

THE effect of swirling motion on jet diffusion flames has
been investigated previously.1"4 In those investigations

it was shown that swirl leads to a faster decay of the axial
velocity, and to an increase of the flame width and mass en-
trainment in the downstream direction as compared to non-
swirling flames. It was also found that flame length de-
creases when the swirling motion is intensified.

In the aforementioned papers and in other works5"7 dealing
with nonswirling flames, a theoretical approach based es-
sentially on the assumption of similarity of the velocity and
temperature profiles in consecutive cross sections was em-
ployed. When compared with experimental results, good
agreement between the measured and predicted axial velocity
distributions was found, whereas only qualitative agreement
for the temperature profiles was obtained. It seems that the
existence of two regions in the flame separated by some kind
of a flame surface, and whose nature is very different (the
temperature increases in the inner region while a fast decrease
takes place in the outer regions), does not allow for the forma-
tion of affine profiles along the flame axis in the important
zone where chemical reactions take place.

In the present analysis the boundary-layer equations of
motion for a turbulent jet diffusion flame with swirl are solved
in the von Mises plane. The nonsimilar solutions obtained
give the distribution of axial and swirl velocities and of the
temperature and species mass concentration in the flame.
The theoretical expressions are compared with measurements
of velocity and temperature in flames with different degrees of
swirl and fair agreement is found. The comparison is per-
formed under the assumption of a one-step chemical reaction
occurring at a flame surface. The analysis shows that the
effect of swirl on the flame may be connected with the rise of
the value of the turbulent eddy viscosity and the variation of
the turbulent Prandtl number in the flame with increasing
swirl.

II. Analysis

In a cylindrical coordinate system (r, <£, x) the boundary-
layer equations describing the stationary flowfield of an axi-



1878 A. CHERVINSKY AIAA JOURNAL

symmetrical turbulent jet diffusion flame with swirl are

— (pur) + — (pvr) = 0 (la)

I d / 5w'ou , bu^- + pv ——ox or ^ (Ib)

dr r dr dr

dh bh 1 d / M< dA\ * . 0— + pz; -T— = — — I ^— r — — ) - V fo°e,-do; dr r dr \ Prf dr / ^

(le)

,1/n(Id)do;

dF, , dF, 1 d / »* oYipu ^— + pv ̂ — = — — I -=— r ——ox or r or \ oc' dr
i = 1,2,. . ., n (le)

In deriving Eqs. (1) it was assumed that the turbulent Lewis
number equals unity, body forces and radiation effects are
negligible, and the diffusion of the various species in the
flame is governed by Tick's law. The use of turbulent phe-
nomenological transfer coefficients implies further that the
turbulence intensity is low. As may be found by an ordering
procedure (carried out partly in Ref. 8), the neglect of pres-
sure gradients and the application of the boundary-layer ap-
proximations to swirling flows limit the following analysis to
cases of weak and moderate degrees of swirl. In these cases
the ratio of the swirl velocity to axial velocity, w/u, is assumed
to be of the order of d and 61/2, respectively, where d is the
ratio of the radial to axial length scales for the nonswirling
jet, which is of the order of 0.1.

In addition to Eqs. (la-le) we assume a one-step chemical
reaction to take place,

AT N

so that in this case the reaction rate e = ti/Wi(v"i — v'i) is
the same for all the species.

Equations (Ib, Id, and le) can be cast into a common form

pu d& , dQ, I d / dQA— + pt;—— = --{ ^-AkT— -1 (2)dz dr r dr\ x dr /

where Qk is equal to u, to

= h

or to ft* = Yi/Wi(v"i — v't) — ai in Eqs. (Ib, Id, and le),
respectively, and a{ is a particular solution of Eq. (le). Ak
equals 1, I/TV, or I/ So* = l/Pr* corresponding to Eqs. (Ib,
Id, and le), respectively.

Define a dimensionless stream function so that

d

where

x = x/R, f = r/R, u = u/Uco, v = v/uco

jl* = n'/peoUcJl, T = T/Ruco, p = p/pco

The equation of continuity is then satisfied identically in
terms of the defined stream function.

Performing a transformation from the physical plane
(x, f) to the von Mises plane (rj,\f/), where

the transformation plane as follows:

d?? i^ di/' \ i/' (4)

*? r\
a* /

In the vicinity of the axis pur 2 may be expanded in powers
of ^ about an axial station (ij, 0),

. [ ». _ 0

Direct computation shows9 that

p,r-2(,,0) - [A Q*

[(5Vdl«(p*f»)],,o = 1

so that puf2(rj,\f/) = Ji/'2 neglecting 4th- and higher-order
terms.

Introducing the approximation found, and assuming fur-
ther that A^ are functions of the axial distance only, one
obtains finally from Eqs. (4) and (5),

1

do? _ d2co 1 dco o>_
= "

(4a)

(5a)

where

and

if* = T =

= 2 (6)

Equations (4a) and (5a) are to be solved subject to the fol-
lowing side conditions:

lira

< »,«(&,<))= 0
= lim tMt(&,t) = 0

lim co(^,^) = lim

and the initial conditions,

(1 0 ^ \l/ ^ \!/Q

\ 0 \l/0 < \f/ o

where ^o corresponds to the radius of the burner in the von
Mises plane and is found from Eq. (3),

f2 = 1 =

since of course at the outlet f2 = p = u = 1. The pre-
ceding initial conditions imply a uniform distribution of axial
velocity, enthalpy, and species mass concentration, and a
tangential velocity resulting from solid body rotation at the
outlet.

Equation (4a) together with the side and initial conditions
can be solved employing the zeroth-order Hankel transform

Eqs. (2) and (le) may be written in a dimensionless form in J0 (7)
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having the inverse

Introducing

(7a)

into Eq. (7) and performing the integration, one obtains

and since Rfarf) is equal also to dMfc/d£fe [see Eq. (4a)] we
find

(8)

(9)

A formal solution of Eq. (8) is given by

&k(M = A(z) exp(-z2£
and the inverse transformation (7a) yields

'(10)

The function A(z) is determined with the aid of the initial
condition

and applying the inverse transformation

so that the general solution becomes

Changing the order of integration and using the Weber in-
tegral

= exp -

the form of the general solution is modified to

In a similar way using the first-order Hankel transform

(12)

and its inverse, the final solution of Eq. (5a) is found to be

Setting

let P0(X,0) = 1 - exp(-XV2), and define P*(X,x)
P(X,x)/Po(X,0), then Eq. (11) becomes

Af *(&,*) = P0(X,0).P*(X,x) =

Integrating Eq. (13) by parts making use of the recurrence
formula/i(r) + T/I'(T) = T/O(T), one obtains

- exp X

(15)

where

1 - exp(- X2/2)

The functions P0(X,0) and P*(X,x) have been tabulated by
Masters.10 The function Q* has been evaluated in Ref. 11 so
that co (£&,!/') is easily calculated.

Along the axis (\(/ = 0) P*(^o/(£fc)1/2, ^/(2£fc)1/2) = 1,

and co(£fc,0) = 0. Equation (11), or its modified form Eq.
(14), describes the distribution of the axial velocity u in the
form of

and from (16)

u =

Uc/Uc<> = 1 — exp —

(17)

(17a)

since Qke = ue = 0 in the stagnant surroundings.
The variation of the swirl velocity in the flame is expressed

via the distribution of the vorticity by Eq. (13) or (15) when
substituting F = fw = ^co^,^).

The general equation (11) gives also the distribution of the
enthalpy variable &T and the mass concentration variable
j8t- as defined in relation to Eq. (2). Equation (16) yields the
distribution of these terms along the flame axis.

In diffusive flames fuel is usually injected as a jet into the
surrounding atmosphere, which supplies the oxidizer. We
shall take in Eq. (If) v\ = Pfuei, v'z = ^ox and therefore

+ YF/VFWFQJi = <XF = — YF/VFWF, jSr =

Assuming that the chemical reaction is confined to a flame
surface, where it occurs instantaneously, this surface must
divide the flowfield into two regions. In the inner region,
denoted by subscript I, no oxidizer is present and, therefore,
j8ox,i = YF/VFWF. In the other region, identified by sub-
script II, no fuel is present (YF,u = 0) so that /30x,n =
— FoxAoxWox. Equation (11) with Qh = fr thus describes
the distribution of fuel concentration in region I (between the
axis of symmetry and the flame surface) and the distribution
of oxidizer in region II (from the flame surface outwards).
Since /3ox,e = — (FoxAoxWox)e and /30^co = (YF/VFWP)CO, we
obtain from Eq. (11) for the concentration of fuel

VFWF

and along the axis

+
where

* =
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Fig. 1 Swirl
burner.

The concentration of oxidizer in the external region is given by

,i« (19)

Employing the flame surface model, the fuel mass concentra-
tion must vanish at the surface. Hence setting YF = 0 in
Eq. (18) provides a relation between & and i//f which defines
the locus of the flame surface,

x

' (2o)
The flame length is then given by substituting into Eq.

(20) the condition that the flame tip lies on the axis of sym-
metry (tt = 0),

ln(l +
= 2 I ————

Jo "r*w
(21)

The distribution of enthalpy is given by Eq. (11) for Qk = PT.
In this case

PT = h/q° + Yp/vpWp, PTC = he/q°

(because YFe = 0) and

PTCO = (h/q° + YF/VFWF)CO

where

h =

and T° is a reference temperature usually taken as 298.16°K.
If Te = T° and the gaseous fuel emerges from the orifice at
the same temperature, Eq. (11) yields

(YF/VFwF)
YF/vpWp

(YF/vFwp)C(

»/n\(YF/vFWp)Ct

The enthalpy variation along the axis is given by

( hc/q° \ _ (YF/vFWp)c
(

(22)

(22a)

(YF/vFwF) ;), = - (YF/vFWp)c

(23)

(23a)

III. Experimental Results and Discussion

Air was introduced axially and tangentially through four
tangential slots into the swirl burner (Fig. 1) and the degree of
swirl was changed by varying independently the axial and
tangential flow rates. Liquefied petroleum gas was evapo-
rated in a heat exchanger and introduced into the system
in the gaseous phase. The gas/air mixture was issued from
the 50-mm diam burner orifice with a velocity of the order of
100 m/sec and was ignited by means of a pilot flame. For a
distance of 250 cm the flame was unconfined and air was en-
trained from the stagnant surroundings.

Measurements of the flow rates of air and fuel gas were
made with the aid of sharp-edged orifice plates. Time mean
values of velocity and static pressure and of temperature were
determined employing a 5-hole hemispherical water cooled
impact probe and a Pt-Pt 13% Rh thermocouple.

The impact probe developed by Lee and Ash12 was cali-
brated in a wind tunnel over a range of yaw and pitch angles.
Coating of the thermocouple bead against catalytic effects
and corrections of temperature readings due to radiation
losses were carried out according to methods described in Ref .
13.

In the present study three flames with a fixed initial fuel/air
ratio and different degrees of swirl were investigated. The
initial fuel/air ratio was well outside the flammability limits
and the degrees of swirl, characterized by the dimensionless
swirl number S = G^/Gx-R, corresponded to weak and
moderate swirl as defined in the analysis.

The chemical reaction is taken as a one-step reaction of
LPG burning in air,

5C3H8 + 3iC4H10 + 5302 + 200N2 ->
32C02 + 42H2 + 200N2 - 5100 kcal (24)

Other data used in the computations are TO =• 300°K,
VPWF = 0.468 kg, Fox/VoxWoxe = 0.137 kg-1, cp = 0.45
kcal/kg °C, q° = 5100 kcal.

In order to compare the experimental and analytical results
it is necessary to transform the solutions given in Eqs. (17,18,
22, and 23) to the physical plane with the aid of Eqs. (3) and
(6). For the transformation in the axial direction a model
expressing pi* must be provided. Such a model was sug-
gested by Ferri9'14 as a generalization of the expression of the
eddy viscosity in jets given previously by Prandtl. This rela-
tion was further extended by the author to flames with swirl11

and was shown to be expressed by the equation

rjt — l> . 75,1/2 /OK\/* — ri/i pf v^^v

where ki is a constant depending on the degree of swirl and
Pf is the dimensionless density corresponding to the flame
temperature.

72 80

Fig. 2 Transformation in the axial direction, %u vs x.



OCTOBER 1969 TURBULENT SWIRLING JET DIFFUSION FLAMES 1881

I0~' .2 A .6 .8 10° 2 4 6 8 Q°

Fig. 3 Transformation in the axial direction, £M vs £r«

Combining Eqs. (6) and (17a) we find pi1 = ^d^u/dx where

(26)

and the index u indicates that this transformation is carried
out for the velocity field only where in Eq. (6) Ak== 1. In-
troducing into Eq. (26) the values of the axial velocity mea-
sured at various stations on the flame axis and plotting the
relations obtained, an expression for %u vs x is found. Such a
plot for the three flames investigated is shown in Fig. 2, from
which one deduces the following empirical relation between
%u and x:

• £ „ = 2flt.x + (27)

where /Z* and HI are constants depending on the degree of
swirl and are given in Table 1. From the results it is clear
that as the degree of swirl is increased a corresponding rise of
the constant value of the eddy viscosity is found,

In an analogous way one obtains a relation for the trans-
formation of the temperature field to the physical plane in the
axial direction. The relation obtained for (£r)i vs x is given
by

(28)

where

».(*) = - T',N =

and the values of YF and 0 corresponding to the flames in-
vestigated are given in Table 1. Introducing these data and
the measured values of the temperature on the flame axis into
Eq. (28), (£T)I is calculated as a function of x. Having ob-
tained the relations between £& and x the transformation of
the analytical expressions in the axial direction is thus corn-

Table 1 Swirling flame characteristics

S = G<t>/Gx-R
uco, m/sec
wmo, m/sec
YFo
<t>
A*
HI
#2
C
Ds = DS/R
Leal = (L/R)C&\
jLexp = (L/R)exp
Tm°C

0.112

76.0
16.7
0.245
3.83
0.683X10-=
0.31
0.94
3.47

11
61
69

1670

0.160

81.5
27.0
0.245
3.83

1 1.015X10-*
0.37
0.88
3.47
6.2

38
51.8

1840

0.232

103.0
54.0
0.245
3.83
1.5X10-2

0.68
1.44
3.47
4.0

33
34

1860

JL
Uco

Fig. 4 Radial distribution of axial velocity at x 20.

pleted. When performing the above calculations it is interest-
ing to note that combining Eqs. (6, 27, and 28) the variation
of the turbulent Prandtl number along the flame axis may be
expressed in the form of

(1/PrOi = (29)

Plotting therefore the values of (£r)i and %u for the same x, as
found from Eqs. (26) and (28), respectively, in Fig. 3 the fol-
lowing empirical relation is obtained:

£.-#2)] (30)

T-To~

0 / 2 3 4 5 6 8 9 10 II 12

Fig. 5 Radial distribution of temperature at x — 48.

where c and H% are constants given in Table 1 for the various
degrees of swirl.

From Eqs. (29) and (30) one derives the following expres-
sion for the variation of the turbulent Prandtl number in the
inner region of the flame:

(1/PrOi = c exp[c(2/Z<-z - (31)

where E = Hl - H2.
The transformation in the radial direction is given by Eq.

(3). Using the assumption of constant pressure and Let = ^
one has p = l/T and & ss £r. Introducing now the expres-

0 8 16 24 32 40 48 56 64 72 80

Fig. 6 Decay of axial velocity maximum along the axis.
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8 16 24 32 40 48 56 64 72 80
x"

Fig. 7 Decay of swirl velocity maximum along the axis.

sions found in the analysis for u and T into Eq. (3), explicit
relations connecting the radial coordinates r and \// can be
found for any distance x (via £tt and ^r) in the two regions of
the flame.

The retransformed analytical and the measured radial
distributions of axial velocity and temperature at x = 20
and 48 are shown in Figs. 4 and 5, respectively. Fair agree-
ment is seen to exist between the empirical and calculated
values. The swirling motion causes a decrease of axial veloc-
ity values at the central part of the flowfield leading thus to

8 16 24 32 40 48 56 64 72 80
x

Fig. 8 Variation of temperature on flame axis.

wider velocity profiles as the swirl increases. The same be-
havior can be observed when the decay of the axial velocity
maximum along the axis is plotted in Fig. 6. The equation
describing this decay is written after combining Eqs. (17a)
and (27) in the form of

r 1 n
(32)

0 8 16 24 32 40 48 56 64 72 80
x"

Fig. 9 Variation of flame width along the axis.

Fig. 10 Mass entrainment along the axis.

As shown in Ref. 8 the cause for the faster decay of axial
velocity in the downstream direction when the degree of swirl
is increased lies in the shortening of the so-called "potential
region" of the jet flow, enabling thus the decay of the velocity
to start closer to the burner outlet.

The variation of the swirl velocity maximum and tempera-
ture on the flame axis are shown in Figs. 7 and 8, respec-
tively. The temperature increases gradually in the inner re-
gion of the flame until it reaches a maximum at the flame tip
whose distance from the burner outlet depends on the degree
of swirl. The excellent agreement between measured and
calculated values in Figs. 6-8 should not be misleading since
the experimental constants /Zf, Hi, and H2 were matched so as
to fit the experimental data.

The width of the flames investigated in the present work
(defined as the distance from the axis of symmetry at which
the axial velocity becomes half of its maximum value at the
same cross section) is shown in Fig. 9. It seems to vary
linearly with the distance from the orifice for all degrees of
swirl. The variation of the dimensionless mass entrainment
along the axis has been calculated from

pur dr = — (33)

and is plotted in Fig. 10.
As can be seen in Fig. 11, the static pressure on the flame

axis decays very fast, so that already at a distance of 12 orifice
radii it becomes practically equal to the atmospheric pressure.
This may be considered a justification of our assumption,
made in the analysis, regarding pressure variations in the
flame.

Most of the effects of the swirl on the temperature field of
the flame is clarified when the flame front lines (which are de-

Pa-8
(kg/m*)

Fig. 11 Decay of
static pressure on

flame axis.

8 10 12
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5
*-0.112 Tafl670°C
a- 0.160 ^f!840°C
0-0.232 If I8600 C

Fig. 12 Flame front lines.

fined here as the locus of the temperature maximum) are
plotted (Fig. 12). From the figure it is clear that the length
of the flame and the distance from the orifice at which the
flame stabilizes decrease markedly with an increase of the de-
gree of swirl. Introducing Eq. (31) into (21) and remember-
ing that ft* is constant in the flame, the following equation for
the flame length is obtained:

L E+ (l/c)ln[*/ln(l
~ R ~ 2^ ———————

Using the empirical constant values given in Table 1, the
flame length is calculated for the various degrees of swirl and
compared with the experimental values, as determined from
Fig. 12, in Table 1.

Conclusions

The boundary-layer equations describing the conservation
of momentum, energy, and species mass concentration in
turbulent flames with swirl have been solved in the von Mises
plane. After retransforming the solution to the physical
plane, it is compared with experimental radial and axial dis-
tributions of velocities and temperature in the flame and a
fair agreement is obtained.

The introduction of swirl into open jet diffusion flames leads
to a faster decay of the velocity, and to an increase of flame
width and mass entrainment in the downstream direction as
compared to nonswirling flames. In addition, the length of
the flame and the distance from the orifice at which the flame
is stabilized are shortened significantly when increasing the
amount of swirl. All these changes are believed to occur due
to two basic causes, which are the reduction of velocity
gradients at the burner outlet and the rise of the turbulence
intensity level when the degree of swirl S is increased. The

first phenomenon leads to the shortening of the potential re-
gion near the orifice whereas the other, which is manifested
by the increase of the value of the eddy viscosity in the flame,
causes a decrease of flame length and surface area. The
latter result must be further confirmed by experimental
techniques.
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